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ABSTRACT. We give conditions sufficient to imply the contractibility of the
space of maps, with compact-open topology, on the countable direct limit of a
space. Applying these conditions we obtain the following: Let F be the con-
jugate of a separable infinite-dimensional Banach space with bounded weaks"
topology, or the countable direct limit of the real line. Then there is a contrace
tion of the space of maps on F which simultaneously contracts the subspaces of
open maps, embeddings, closed embeddings, and homeomorphisms. Corollaries
of our work are that any homeomorphism on F, F as above, is invertibly isotopic
to the identity, and the general linear group of the countable direct limit of lines
is contractible.

0. Introduction. Let (X, x;) be a pointed topological space. For each
integer 7 > 1, let X" denote the cartesian product of 7 copies of X, and define
i Xt — X"t py Ibegs eeesx, )= (x5 eee 2, x0). Let (X, x0)* denote the
direct limit of the sequence
I

x1 x2 7X3 > enes

Let P((X, %)) = {f: (X, %)™ — (X, x0)°°|/ is continuous, /((xo, X4 ) =
(xg» %45 +++)} with the compact-open topology. In this paper we give conditions
that enable us to construct a contraction on P((X, x,)™) and then investigate
some of the properties possessed by this contraction. Our contraction is defined
analogously to the one defined by P. L. Renz in [9] in contracting the homeomot-
phism group of product spaces. The direct limit case, however, requires consid-
erable extra care in obtaining continuity of the defined contraction.
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390 R. E. HEISEY

Given a separable, infinite-dimensional Banach space B, let B* denote the
conjugate (or dual) of B, and let B*(v*) denote B* with its bounded weak-*
topology. (The bounded weak-* topology on B* is the finest topology agreeing
with the weak-* topology on bounded sets.) We show that B*(5*) is homeomorphic
to 0%, where Q is the Hilbert cube. Using this we obtain the following: Let F
be B*(b*) or R™, where B is a separable, infinite-dimensional Banach space and
R is the reals. Let C(F) ={f: F — F|f is continuous} with the compact-open
topology. Then there is a contraction W: C(F) x I — C(F) such that ¥ simultan-
eously contracts the following subspaces of C(F): (1) maps that take the origin to
the origin, (2) open maps, (3) embeddings, (4) closed embeddings, and (5) homeo-
morphisms. If F = R™, then ¥ also contracts the subspace of linear maps.
(Thus, the general linear group of R™ is contractible.) Corollaries of our work
are that any homeomorphism of B*(b6*) or R is invertibly isotopic to the identity,
and any linear homeomorphism of R* is invertibly isotopic to the identity through
linear homeomorphisms.

The author gratefully acknowledges the advice and encouragement of his
thesis advisor, David W. Henderson, and also helpful conversations with David
Elworthy and James West.

I. Notation. By ‘‘space’’ we mean ‘‘Hausdorff topological space’’. By
“‘map’’ we mean ‘‘continuous function’’. Given a space X, and an integer 7 > 1,
X" denotes the cartesian product of 7 copies of X. We let I denote [0, 1], R
the reals, and Q the Hilbert cube. We will regard Q as the countable product of
the interval [-1, 1] and, when convenient, will regard Q as a pointed space with
base point (0, 0, ...).

Given a homotopy ¢: X x [a, 8] —Y, where X and Y are spaces and
[a, 8] CR is an interval, we denote the map X — Y given by x — ¢(x, #), for
fixed ¢ € [a, ], by both ¢, and &( -, ).

For any space X, we define the following spaces of functions, all with the
compact-open topology:

C(X) =1{f: X = X|f is a map},

0(X) = {f € C(X)|f is an open map}.
(Amap f: X =Y is open if it carries each open set in X onto an open set in Y.)

E(X) = {f € C(X)|f is an embedding},
CE(X) = {f € C(X)|f is a closed embedding},

HX)={fecX)|f isa homeomorphism}.
If X =(X, x,) is a pointed space, we let P(X) = {f € C(X)|{(x,) = x,}, and
let OP(X), EP(X), CEP(X), and HP(X) denote O(X) N P(X), E(X) N P(X),
CE(X) N P(X) and H(X) NP(X), respectively.
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If F is a topological vector space, we regard F as a pointed space with base
point 0. We let L(F) =1{f € C(F)|f is linear}.

If (X, x,) is a pointed space, we define j : X" — X"*1 (as in the introduc-
tion) by j (¥, +++, %) = (x;, «++, x,, x,), and let (X, x)* = inj lim {(X", j )},
the direct limit of the sequence

i i i
xl-—l>X2’—2)x3—3) cee,

We regard (X, x,)™ as consisting of all sequences x = (x, x,, x5, -++) of
elements of X where all but finitely many of the x, are x,. For each n>1 we
identify X" with X" x {x} x {xg} x ... C(X, x)™. Then a set V C(X, x,)* is
open if and only if V N X" is open in X" for every n. We regard (X, x))™ as a
pointed space with base point (x,, x4, +++). Except where clarity demands other-
wise, we will usually write X* for (X, x,)™.

If B is a Banach space, B* will denote the conjugate (or dual) of B, and
B*(b™) will denote B* with its bounded weak-* topology.

We use the abbreviation ““TVS’’ for ‘‘topological vector space’’ and *‘c-0’’ for
*“‘compact-open’’. We use ‘' & '’ to denote “‘is homeomorphic to’’. If X is a
space and A C X, then A denotes the closure of A in X.

II. Statement of results. The following definition will be useful.

Definition. A pointed space (X, x,) will be said to have the direct limit
product property (hereafter abbreviated DLPP) if sets of the form (Ol X 02 Xeos)
N (X, x,)*, where each O, is open in X, form a basis for the topology of
(X, x)™.

Given an arbitrary pointed space (X, x,), the map X — X x X* given by
(%} %, %35 +++) P (x}, (x,, %5, - ) need not be a homeomorphism. Indeed, in
the first remark in SIII we show that this is the case when X is a separable Hilbert
space. The proofs in this paper work only when such maps are homeomorphisms,
and we insure this by hypothesizing that our spaces have the DLPP. The
following proposition, proven in $1II, shows that having the DLPP is closely
related to being locally compact.

Proposition lI-1. (a) Any locally compact,, pointed space has the DLPP.
(b) If (X, %) is paracompact and first countable, then (X, xo) bas the DLPP
if and only if X is locally compact.

The basic advantage that the hypothesis of having the DLPP has for us over
the hypothesis of being locally compact is that the nonlocally compact spaces
Q™ and R™ both have the DLPP (see Corollary IlI-3. Note that this gives a
round-about proof that 0% and R™ are not first countable), Thus, in the proof
of Theorem II-4 in $IV we can apply Theorem II-2 below with X = Q* and X = R®
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Definition [5, p. 248]. A space is a k-space if it has the weak topology deter-
mined by the family of its compact subspaces.

Note that any locally compact space is a k-space.

Question. What is the relationship between being a k-space and having the
DLPP?

Definition. A homotopy ¢: X x [a, 8] — Y is an invertible isotopy if the map
&: X x [a, 8] =Y x [a, b] defined by ¢(x, #) = (¢(x, t), t) is a homeomorphism.
If ¢ is an invertible isotopy we say ¢, and ¢, are invertibly isotopic.

Given a pointed space (X, xo), let p denote the homeomorphism on X*° given
by plxy %y 25 x5 o00) = (x, %, %5 %, eoo)

Theorem II-2. Let (X, x,) be a pointed space having the DLPP and assume
that there is a homotopy ¢: X x 1 — X* with ¢ =id, ¢, = p, and ¢, € P(X™)
for every t € I. Then

(a) there is a contraction W: P(X®°) x I — P(X*°) of P(X™) to the identity map;

®) if ¢, € OP(X™), resp. EP(X*), CEP(X™), HP(X*) for t € I, then ¥
may be taken to simultaneously contract OP(X®™), resp. EP(X™), CEP(X™),
HP(X*) (i.e. W(OP(X*®) x I) COP(X™), etc.); and

(c) if ¢ is an invertible isotopy we may further obtain that ¥(f og, t) =
W(f, 1) oW(g, t) for every t € L

The proof of Theorem II-2 is given in SIIL

Now let (X, x(), ¢: X* x I — X* and ¥ be as in Theorem II-2. Let A be
a space and a: A x X*° — X® a map such that for every a € A, ala, -) € P(X™).
Define y: A x X®° x I — X® by yla, %, t) = ¥(ala, .), t)(x). Note that ¥a, x, 0) =
ala, %) and y(a, %, 1) = x. Define @: A x X* — A x X™ and 7: A x X* xI —
A x X® x1I by al(a, x)=(a, ala, x)), and Wa, %, t) = (a, Ya, %, 1), t).

Theorem II-3. Let (X, x,), ¢, A, a, y, @, and ¥ be as above, and assume
that either A is locally compact or that A x X* is a k-space. Then y is contin-
uous. If ¢ is an invertible isotopy and if @ is an open embedding, resp. closed
embedding, homeomorphism, then y is an open embadding, resp. closed embedding,
bomeomorphism.

Theorem II-3 is proved in s
Applying Theorems II-2 and II-3 to topological vector spaces, we obtain the
following in SIv.

Theorem 1I-4. Let F be a TVS such that F & X*, where X is a pointed,
locally compact space. Then there is a contraction A: C(F) x I — C(F) of C(F)
to the identity map on F such that A(fog, t) = A(f, 1) °A(g, 1), all g, f € C(F)
and t € 1, and such that N simultaneously contracts P(F), O(F), E(F), CE(F),
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and H(F). Further, let A be a space such that A x F is a k-space, and let

a: AxF — F be amap. Then the function U: A x F x 1 — A x F x | defined by
U(a, x, t) = (a, Aala, +), t)(x), t) is continuous. Define G: Ax F — A x F by
a(a, x) = (a, ala, x)). If @ is an open embedding, resp. closed embedding,
homeomorphism, then so is U. Finally, if X is a TVS and F = X*, then the con-
traction A above also contracts L(F).

Remark. The hypotheses on F in Theorem II-4 imply that F is a k-space
and that F = F x F (by Corollary III-1 since X = (X x X)*). Thus, the
hypothesis that A x F be a k-space is satisfied, for example, when A is locally
compact (see Lemma III-7) or when A is a closed subset of F.

The following corollary is analogous to Lemmas 2.3 and 4.1 of [4]. Along
with Theorem II-6 below, it will be used in a future paper by the author to show
that locally trivial bundles and microbundles with fiber R® or B*(6*), B a separ-
able, infinite-dimensional Banach space, are trivial.

Corollary II-5. Let F be a TVS such that F = X%, where X = (X, xo) is
a pointed, locally compact space. Let A be any space such that A x F is a k-
space, and let 7: A — I be continuous. If f: AxF — A x F is an A-preserving
(i.e. {({a} x F) Cla} x F) open embedding, resp. closed embedding, homeomorphism,
then there is an A-preserving open embedding, resp. closed embedding, bomeomor-
phism [, : AxF — A x F such that (/‘n)a =f, foreach a € 9~ 10), and (/ﬂ)a =
idg for each a € n~ 1(1). If f(a, 0) = (a, 0) for any a € A, then fn(a, 0) = (a, 0)
for that a.

Proof of II-5, By Theorem II-4 there is an A x I preserving open embedding,
resp. closed embedding, homeomorphism, U: A x F x I = A x F x I such that
W(a, x, 0) = (f(a, x), 0) and g, x, 1) = (a, x, 1) for each (a, x) € A x F; and if
f(a, 0) = (a, 0) (i.e. f(a, .) € P(F)), then a, 0, t) =(a, 0, t). The desired
open embedding, resp. closed embedding, homeomorphism, is given by /.,, (a, x) =
7¥(a, x, 7(a)), where 7: A x F x| — A x F is the projection.

It is clear that F = R® satisfies the hypotheses of Theorem II-4 and
Corollary II-5. By the following theorem this is also true for B*(5*), where B is
any separable, infinite-dimensional Banach space.

Theorem II-6, If B is a separable, infinite-dimensional Banach space, then
B*(b*) is homeomorphic to Q®. In particular, B*(b*) is bomeomorphic to a
separable Hilbert space with its bounded weak topology.

Theorem II-6 is proved in SV. We single out one corollary of Theorems II-4
and II'6'
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Corollary II-7. Let B be a separable, infinite-dimensional Banach space.
Then any homeomorphism on B*(b*) or R™ is invertibly isotopic to the identity.
Any linear homeomorphism on R™ is invertibly isotopic to the identity through
linear homeomorphisms.

Proof of II-7. Let F denote B*(b*) or R®. By Theorem II-6, F & X* where
X is a pointed, locally compact space. It follows easily that F is a k-space. By
Theorem II-4 any homeomorphism a: F x {0} — F x {0} extends to an I-preserving
homeomorphism U: F x I — F x I such that ¥ = id. If F = R™, Theorem 114
shows that U . will be linear if a is linear.

III. Proofs of Proposition II-1 and Theorems 1I-2 and 1I-3.

Proof of Proposition Il-1. (a) Assume (X, x,) is locally compact. Let a =
(ayy 2005 a,, xq %55 +++) € X*, and let O be any open neighborhood of @ in X
Since X" is locally compact, there exist O RS O open in X such that

(al,u-,an)eﬂlx-.-xOncGlx---xBncO nx"
and Ol X eeo X @n is compact. Fix k> n, and suppose we have

(al,---,ak)eelx---x@kCGlx-uxekCO nX",

each O a relatively compact open set in X. For every x € 6 X oo X 6 there

are nexghbothoods V,and U  of x and xj = a, 4, resp., such that U_ is rela-

tively compact and V X U cO nxk*l, Finitely many of the V ’s, say

V"l’ ceey Vx', cover 0 X ees x@ Let Okﬂ = n{U |z =1,¢ee, 7} Then

Okﬂ is a relatively compact open nexghborhood of x, in X and (@, «--, ak*l)
@1 xoeex O L+ COl % eeexO L+ c O n x*k*1, By induction we obtam

{O li=1,2, ---} such that a € (O xez x+.)NXx*cO.

(b) We need only prove the * only if’’ assertion. So assume X is not locally
compact. Then there exsits an @ € X such that a has no relatively compact
neighborhoods. Since X is regular and first countable, there is a basis of open
sets {V [i=1,2,--.} at @ and a basis of open sets W |i=1,2, ceo}at xg
such that V. ;+#1CV; and W, ;41 CW,i=12,.... Fix i Since V 1sparacom-
pact and not COmpact, it is not countably compact [5, Pp- 2301. Thus, by the
Bolzano-Weierstrass property, there is a sequence {x i=1,2,...}C V with no
cluster (or accumulation) point. Choose w; € W \{xo! Let

Ai=¥(x;" Xgs X¥pr°°° ’xoijvxov xoy"')lj= 1, 25000 }Cxwv

where the w; is in the (i + 1)st coordinate. Let A = U{Aili =1,2,...}

We will show that A is closed in X®. It is enough to show that A N X" is
closed in X" for each n. Clearly A nX!=g is closed in X1, Solet n> 1,
and let (x ; +0,x ) € X"\A. Suppose first that x; # %y, some i with
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2<i<n Let U and O be neighborhoods of x, and x,, respectively, such that
UNO=g. Then U' =X x +++xXxUx Xx++-xX, U the ith factor, is a
neighborhood of (xl, cee, x”) in X?, and U'n AC A,_,. Since w, € O for all
sufficiently large k, we thus have U'N A is finite. Hence, U'\(U' N A) is a
neighborhood of (x,,-+-, x ) in X" disjoint from A N X". Now suppose
X,=%g, i=2, .+, m Then, since each {lej =1, 2, ...} has no cluster point,
there is a neighborhood G of x, such that G n | {x;:li =1, ce0,n-1, j=
1, 2, ...} is either empty or {xT =x,}, some r<n-1, s <. Find j such that
w ¢W].. Then Gxxx...xXijxXx.--xX, W, the (r + 1)st factor, is a
neighborhood of x missing A N X" It follows that A N X" is closed, each
n>1,

We now show that this implies X cannot have the DLPP. If X had the DLPP,
then sets of the form (Ul xU;x-.. -) N X%, where each U, is open in X and
xg € U,y i>2, form a basis at (a, g0 %45+ ). But, given any such neighborhood
of (a, x4, %4, -++), we can find 7 such that a € V,CV, and then an s such that
w_€ U . Then

(x:’xov"’xoaws,xoa'”)fAn[(UxX U2X°°°)ﬂx°°]-

Thus, if X had the DLPP, we would have (a, Xge Xg» ...) e A\4, contradicting
the fact that A is closed.

Remark. In the proof of (b) above, suppose X were a separable Hilbert space,
12. If {el. €y one } is the standard orthonormal basis of 12, we could take, in
our proof, a =0, V. =W, ={x € L,|||x]| <1/i}, x;: = (l/Zi)e]., and w, = (1/2i)e,.
Our proof then shows that the resulting set A is closed in l‘;. Let B: l°2° —
1, x IS be the natural (continuous) bijection (x, x,, Xz oo D - (xl, (xz, Xgs oo ).
It is easy to check that (0, (0, 0, ...)) is in the closure of B(4), so that B(A)
is not closed in I, x [5. Thus, B is not a homeomorphism. As indicated in
$11, the arguments of this paper require that such maps X* — X x X* be homeo-
morphisms, and we insure this by hypothesizing that X has the DLPP.

The following corollary of II-1 has also been proved by R. Palais in [8, p. 120].

Corollary Ill-1. If (X, x) and (Y, y,) are pointed, locally compact spaces,
then a: (X x Y, (xg, y N — (X, %)) x (Y, y )™ given by
a((xl’ yl)’ (xZ’ 72)’ e ) = ((xly x29‘ oo )1 ()’1’ }’2, s ))
is a homeomorphism.

Proof of lll-1. Clearly a is a bijection. Since X, Y, and X x Y are locally
compact, these spaces also have the DLPP by Proposition II-1. Using this it is

easy to check that a is a homeomorphism.
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Corollary II-2, If (X, x,) is locally compact, then 0 C(X®)" is open iff
O n (x¥)" is open in (X*)", all k. \

Proof of IlI-2. By III-1 and induction the map a: (X™)* — (X*)" given by

ou(((xl gose ,x" )’(xl y"',x” )"“))ﬂ«xl ’xl ’".)’”.’(xn’xn o"'»
1 1 2 2 1 2 1 2

is a homeomorphism. Thus © C(X*)" is open in (X®)? = a~0) is open in
(X")® = a=10) N (X™)* is open in (X™)* for each k = O N al(X™)*] is open in
al(X™)*] for each k& = O N (x*)" is open in (xX*)", each k.

Corollary -3, If (X, x,) is locally compact, then X*° bas the DLPP, and
(X*®)® is homeomorphic to X™.

Proof of IlI-3, Using Cantor’s diagonalization we obtain a bijection B8: X*
N (xao)oo’

B((xly xzo"’)) = ((xl’ x3, x6, xlo,-o-), (ng xs, x9,000), (x4, xs,ooo),o.o).

Then B is continuous, since B restricted to X" is continuous, each n. For
each n, let B! denote B! restricted to (X*)™. Then B! will be continuous
if each B;l is continuous. By Corollary III-2, B;l will be continuous if B;l
restricted to (X®)" is continuous for each k. But this is clear, since Corollary
III-2 also implies that (X*)”, as a subspace of (X*)*, has the natural product
topology determined by X. Thus, (X*)® & X*.

To see that X* has the DLPP, note first that X has the DLPP by Proposi-
tion II-1. Thus, sets of the form (Ul xUyxee ) nXx>, U; open in X, form a
basis for X*. But B carries each such set to a set of the form (W, x W, x -+ 2)
N (X*)*, where each W, is open in X*. Since B is a homeomorphism, these
sets must form a basis for (X*)* as required.

Remark. Thus, for example, Q® and R* have the DLPP, (Q®)” & Q0%
and (R*)™ x R™.

Lemma Ill-4, If ¢: S x [0, 11 = S is a homotopy of a space S, then (f, 1)
— (., 0)of and (f, ) — f o(., t) are homotopies C(S) x I — C(S).

Proof of Ill-4. The proof of the lemma given by Renz in [9] applies to this
more general situation, provided we change “‘g(K) C ﬂ{Vklk € K, to read
“g(K) C ULV, |k e Ko}

Lemma II-5, Given spaces (X, x), Y, Z such that Y is locally compact,
f: X*° x Y — Z is continuous if and only if f restricted to X% x Y is continuous

for every k.
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Proof of III-5, The ‘‘only if’’ assertion is immediate. Suppose f is contin-
uous on X% x Y for every k. Define f': X*° — Z¥ by f'(x)y) = f(x, y). Here
ZY denotes the function space of maps Y — Z with the c-o topology. By
[s, 3.1(1), p. 261], f" X* — zY is continuous. Thus, f' is continuous. Since
Y is locally compact, by [5, 3.1(2), p. 261] we have f: X* x Y — Z is continuous.

Lemma llI-6, Given (X, x,), any compact subset of X* is contained in
0 y
X", some n.

Proof of IlI-6. Let K C X* be such that K ¢ X", any n. Then there is a
sequence {n.} with n,,, >n, and a sequence {k,} such that k; € X"i\x"i=1,
Then {k,} has no limit point. By the Bolzano-Weierstrass property K cannot
be compact.

Proof of Theorem II-2. We will define the contraction on P(X™) x [0, o]
rather than on P(X™) x L

For n> 1 defined n™: X* — X* by

”ﬂ(x) = (xl’ "t xn-l’ xn+l’ xn+2’. ** )’
where x =(xl, X, «ss), and P, X® — X x X* by

p, () = (x s ")),

Since X has the DLPP, it is clear that p_ is a homeomorphism. Given f € P(X™)
and n > 1, define f* by (" = p7(id x flp, € P(X™). Explicitly,

1) = (@)oo ey (@), 1o %0 [@™(R)) 5e00)y

n-l

from which it is easily seen that our f? is analogous to the one used by Renz in
[9]. We show that f — f® is a continuous map of P(X™) into P(X*’). Let

K C X* be compact, and let U =(U; x U, x --+) N X* be a basic open subset of
X%, Let P(K, U) ={f € P(X*)|f(K) CU}. Then sets of the form P(K, U) form a
subbasis for the c-o topology of P(X*) (see [5, p. 264]). Let [* € P(K, U).

Let m;: X x X — X and m,: X x X — X* be projections. Note that

" € P(K, U) = (}d x fp,(K)Cp (U) =mp (K)Cmp (U)

Thus, if g € P(m,p (K), ,p_(U)), then (id x g)(p,(K)) Cp (U), so that
g" € P(K, U). It follows that { — f® is continuous.

Let ¢: X™ x I — X* be the hypothesized homotopy with ¢ = id, ¢, = p.
Forevery n> 1, let T : X —X* be given by T, (x) =(x , x 4, ++-), and
let ¢": X x [n, 7+ 1] = X* be given by ¢™(x, £) = (x5 eee, x,
¢(Tn(x), t - n)). Since X has the DLPP, T, and @" are continuous. Define
®: P(X™) x [1, o] — P(X*) by
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"y offod™.yt)y, [ePX™),teln,n+1],

I, t = oo,

of, 1) =

Note that
¢>”(-,n+ 1)0/"0¢"(-,n+ 1)=/n+l =¢n+l(.,n+1)°/n+l o¢n+l(‘,”+ l)

and

o(f, 1) € P(X™),

so that @ is well-defined, Since f — [ is continuous, ® restricted to P(X™) x
[1, «) will be continuous provided (/% t) — ®(f, t) is continuous. But (f, 1) —
®(f, t) is the composite of (f, £) - (¢™(+, ¢) of, t) and (g, 1) — g °&™(+, 1),
both of which are continuous by Lemma III-4.

We proceed to show that @ is continuous at «. Let f=®(f, =) € P(K, ),
where K C X* is compact and U = (U, x U, x --+) NX* is a basic open set in
X*®. We find (and this is sufficient) a neighborhood of (f, =) in P(X™) x [1,0]
that is mapped by @ into P(K, U). Note, by Lemma IlI6, that K U f(K) C XN
for some N. Then f(K)C XN N U implies that %y €U forn>N+1. Let

U'=(U1x-uxUNxUN+lﬂUN+2xUN+anN+3x---)nX°°.

Note that { € P(K, U").

We continue via a series of steps:

(i) For nonnegative ¢, let [t] be the greatest integer less than or equal to t.
Define r: X™ x [1, o] = X* by

Adoglde, ), 1<,
rlx, 2) =

Xy t = oo

Fix &> 1. Since n"¢™(x, n + 1) = 7"*1(x), we see that 7= 7" 0¢" on X* x

[n, n + 1], so that r is continuous on X* x [1, ). If ¢ >k + 1, then 7 is the
identity on Xk x {t}, so r is continuous on X% x (k + 1, ). Hence r is contin-
uous on X* x [1, =], each k. By Lemma III-5, r is continuous. Thus, by Lemma
III-4 the map A: P(X®) x [1, ] — P(X™) given by Alg, #) =r(., t) og is contin-
uous. Since A(f, ©) = f € P(K, U"), there is an open set 0 c P(Xx™) and an
integer M, such that f € O and 4O x M), =) CPK, u".

(ii) Let K1, ..., K" be compact subsets and Ul, ..., U basic opea sub-
sets of X™ such that f € M{P(K, UD|i=1,...,7}CO. By Lemma III-6 we may
choose an integer M, such that Kiu f(K) CcxM2, i=1,...,r. Writing U’ =
(UL x UL x +ee) NX™ let
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i\ i i i i i i 00
wh -_-.(lech Usz UMz‘” nUMznx UM2+2 ”"M2+3""')”x .

Note that [ € P(K%, (UY)’), i=1,+..,r. Let n >M,+1 and g€ P(KE, (UD").
Then, for k € KF,

g"(k) = (gﬂ"(k)ly' tey gﬂ"(k)n_'v kn’ 877"("-)"7' .e)
= (g(R) oo ver glR) 1o, glk) ,--2) € Ui,

so that g®(K?) C U%, Thus, letting V = M{P(K%, (UH)')|i=1, ..., r}, we have
V openin P(X®), fe V, andif g € V and n>M, + 1, then g" € 0.

(iii) Let M =max {M;, M, + 1, N+1}. Let n>M and (g, £) € V x[n, n 4+ 1]
Then g” € O, so Alg?, 1) € P(K, U'). Thus, for every k € K,

r(g"(k), 1) = a"$"(gn" (k) s+ o » gn"(R), ;s k s 7™ (k) 5o0), 0)
= 7"(gW) seee s gR),_ys $llxgs T, (RN, £ = m))
= (g(k)yseeey glk), g5 7'l gy T, (RN, £ = n)) € U
(iv) Define y: X* x [0, 1] —X™ by
Wlx, 2) = (@0cgs Ty0Ds 2)5 fllx gy TylN 25 Bllxgs Ty(eN)y £) 500D

Note that since T (x) is eventually (x,, %, -++) for any given %, and since
@(x,, 1) = x,, we have ¢(x, t) € X*. Using Lemma III-5, ¢ is easily seen to be
continuous. Define U: P(X™) x I —P(X™) by Ulg, t) = (., t) 0g. By Lemma
-4 ¥ is continuous. Since f(K) cxN , we see that

WS x 1) C P(K, (XN x Uy X Uy , X +o2) NX™),
Thus, there is an open set W in P(X™) such that f € W and

UMW x DC PR, (XN x Uy x Upyyy x+00) 0 XD),

N+1

(v) We have f € V. N W n P(K, U), which is open in P(X*). We show that
(VN W NP, U)x[M, «]) CP(K, U). Let t>M, geVnw N P(K, U). If
t = o, then ®(g, 1) = g € P(K, U). So assume ¢ € [n, n + 1], where n> M. Then
(g, 1) = @™+, ) 0g" 0 p™(., t). Let k € KCXN. Then ¢” restricted to XN
is the identity, so

Dg, 1) (k) = ¢"(+ s ) (g"(kD) = ", 1) (g(k) seevs g(R) s %y g(k) 5e00)
= (g(k)ls erey g(k)n_l, ¢((x0’ Tn(g(k))), t -n)

Since g € V and n > M, we know from step (iii) that
(gk)yseevs gB) s (e gs T, (eR)), £ = ) € U
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By definition of U’ we will thus have ®(g, t)(k) € U provided ¢((x,, T (glk)), t —n),
€ U,. But this is true from step (iv), since g € W and > N + 1.

This completes the proof of the continuity of ®: P(X*) x [1, «] — P(X™).
Note that ®(/, 1) = f! and ®(f, w) = f. For n> 1, let P"(X*) = {f € PX™)|f(x), =
X, i<mx€ X®} Let P%X*®) = P(X®). For n > 1, it is routine to check that
O(P(X™®) x [n + 1, «]) C PHX™). Since, for >0, ®(f, n + 1) = *, by
reparametrizing @ restricted to P"(X™) x [n + 1, ] we obtain a homotopy

" : PUX™) x [n, n + 11 = P(X™), =a>0,

such that ®7(f, n) = f, ®"(f, n + 1) = L,

For n>1, let A : X® — X" x X be the homeomorphsim A (x) = ((x, -+,
x ), T, (x)), and defme nf = )\'l o(idx f) ©A_. More exphcxtly, ("N(x) =
(xl, PTINE S0 (TSR JIUrRY )) With °f =/, it is easy to prove by induction that
nty ("/)"*‘. n>0. Define ¥: P(X*) x [0, o] — P(X*) by

o*(*f, 1), teln,n+1l,
¥(f, 1) =
identity, t = oo,
Since *f € P*(X®) and ®™(*f, n + 1) = (")?*! = ¥}, we see that ¥ is well de-
fined. To show that ¥ restricted to P(X™)x [0, =) is continuous, it is sufficient
to prove that f — "f is continuous as a map of P(X™) into P(X*). But, since
[ — f* is continuous, this is an easy inductive argument.

We proceed to show that ¥ is continuous at «. Let P(K, U) be a subbasic
neighborhood of id in P(X*), where K is compact and U =(U; x U, x +++) N X%,
Since id € P(K, U), K CU. By Lemma III-6, K CU N XN, some N. Fix n>N,
and let [ € P(X*), t € (n, n + 1], -and k € K. Then,

W(f, 1) (&) = O"(*f, ) (k) = B(*f, t')(k), where € ljyj+1], j2n+1>N+1,
=y ) o (Y 0., £ (k)
= ey VIR oee s ") _go " (R) pe++)s since k €X,
= ey ) ypenrs ks Hgo Xgore) = b

Thus, Y(P(X®) x (N, =]) C P(K, U), and ¥ is continuous at . Since ¥(f, 0) =
®°(%, 0) =/, ¥ contracts P(X™) to id, and we have proven (a) of Theorem II-2.
Statement (b) of Theorem II-2 follows from the observation that if ¢X+,¢) and f
are elements of OP(X°°), resp. EP(X™), CEP(X°°), HP(X®™), then so are
¢ 0, f*=p] o(ldx/)OP and "=\ °(1dxf)°)\
To prove statement (c) of Theorem II-2 assume ¢: X°° x I — X% is an inver
tible isotopy. Then the map (x, t) F (., )~ (x) is continuous. In this case,
modify the definition of @ in the proof above to



CONTRACTING SPACES OF MAPS 401

¢n('al)—l°/”°¢"('vt): te[nyﬂ‘i-l],

’ t = oo,

(D(fr t) = ;

Note that ¢™(., )~ (x) = COPRTENE ST O ) by l(Tn(x))), which is continuous
in x and t. One proceeds to check that @ is continuous as in the original proof
with the following changes: In step (i) change the definition of 7 to

ﬂ[z]¢[z](_ L0 Ux),  t< oo
r(x, 1) =

Xy t = oo,

At the end of step (iii) one obtains
(k) ysees g®)__ s 7' Ig(e, £ = ) N(xps T gD € U
Then in step (iv) define
Wlx, ) = (B 5 07 egs TGN, [90e 5 D7 NGe s TN 5000

Since (f og)” = f® og”, this new ® satisfies ®(f og, t) = O, t) o D(g, ).
Now construct ¥ from the “‘new’’ ® as before. Since ™(fog) = "fo"g, ¥ will
be a contraction such that ¥(f og, t) = ¥({, t) o ¥(g, ¢). Clearly, this ¥ will
also simultaneously contract the spaces OP(X™), EP(X*), CEP(X™) and HP(X™).
This completes the proof of Theorem II-2.
In preparation for the proof of Theorem IlI-3 we establish a few additional
lemmas.

Lemma II-7 [5, p. 263]. Let X be a k-space and Y a locally compact space.
Then X x Y is a k-space.

Lemma II-8. Let (X, x,) be a pointed space, and let Y be a space such
that either Y is locally compact or Y x X is a k-space. Then a set C CY x X*
is open, resp. closed, in Y x X* if and only if it is open, resp. closed, in
Y x Xk for every k> 1.

Proof of III-8. Assume first that Y is locally compact. Let r, denote the
product topology on Y x X*, and let 7, denote the topology on Y x X* obtained
by regarding Y x X* as the direct limit of the Y x X*s. We are to show
id: (Y x X*, 'l) — (Y x X%, rz) is a homeomorphism. Clearly id is open. By
Lemma III-5 id will be continuous if it is continuous restricted to each Y x X%,
This is clear.

Assume ;mw that Y x X* is a k-space. By Lemma II-6, any compact subspace
of Y x X* is contained in Y x X*, some k, and the assertion of Lemma III-8 follows.



402 R. E. HEISEY

Lemma IlI9. Let f € P(X™), and let f* be defined as in the proof of
Theorem 11-2. Then, if n>k + 1, (Im f*) N X* = (Im N A Xk,

Proof of III-9. Let p_: X% = X x X*° be as in the proof of Theorem II-2,
Then, for » > k + 1, we have

= [P,','l({xoi x [(X®N] n x* = 1(x™) n x*.

Proof of Theorem II-3. Identify I with [0, =], and let ¥: P(X*)x [0, o] —
P(X™) be the contraction constructed in the proof of Theorem II-2. Recall

@nﬂ’ , , ,
W, 1) - .(fz) t€ln,n+1]

ld, t = oo,
We are to prove y: A x X™ x [0, o] —X* defined by ¥(a, %, ¢) = ¥(ala, -), £)(x)
is continuous. By Lemmas III-7 and III-8 it is sufficient to show that y restricted
to A x X® x [0, o] is continuous for every k. Fix k. Let n>0 and ¢ € [n, n +1].
Then Y(a, x, t) = ®*("(ala, +)), £)(x). Recall that ®” is a reparametrization of
® restricted to P(X™) x [7 + 1, «]. Thus, there is a homeomorphism & = J,;
[7, n+1] = [n+1, =] with 8(n) =« and 8(n + 1) =7 + 1 such that
o*("(ala, .)), t) = B(*(ala, +)), 8(¢)). Then, for t € 6~ {j, j+ 11, j>n+1,
we have

Yay x, 2) = (¢7(+ 5 8(2)) o ("ala, + )Y) (p(x, 5 ().

This will be continuous in a, %, and ¢ provided the map (4, x) + (*ala, 2))i(x)
is a continuous map of 4 x X* into X*. But

(afa, )V(x) = p71(id x A71(id x alas I Jp ()

which is jointly continuous in @ and x. Thus, for each n> 0, y is continuous
on A x X* x (n, n +1].

We proceed to show that y is continuous at n. Let (b, y, n) € A x X* x {n},
and let Y(b, y, n) € U=(U; x U, x +-+) N X*. Choose N 3 k such that {5, y, n)
€ XV, Then, for each i >N, U, is a neighborhood of x,. Hence ¥b, y, n) € U’,

where

' 00
U=(le---xUNxUN+an nuU Xsee) N X2,

N2 X Uy N UN,;

Define 7 X*® x [1, ] — X* as in step (i) in the proof of Theorem II-2. It was
shown there that 7 is continuous. Define 8: X® x [, n+ 11— X® x[n + 1, =]
by 5(x, 1) = (x, 8(t)). Since 8 ("alb, -)y), n) = "alb, - Ny) = Yb, y, n) € u’,
there is a neighborhood V = (V| x V, x +++) NX% of 2a(b, - Ny) in X* and an
€, >0 such that DV x[n, n+ e)C U'. Note that
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"olb, )(Y) €V = (V  xeeex VyxVy 0V Viea DV X000 ) N X7,

Ne2 X VN+2 DV VN3
Define 7: A x X* — X* by

7"‘)))0

7@, x) = "ala, ) (x) = (xppeees x s 0lay (x| hx

Then 7 is continuous, and 7(b, y) € V'. Thus, there are neighborhoods Ol of

b in A and OZ of y in X* such that 17(01 X 02) CV'. As before, let [t] denote
the greatest integer not greater than ¢. Choose € <€, so small that if ¢ €

[n, n+¢), then [6()] >N + 1. Now let (a, x, ) € Ol xozx(rz, n+e CAxXkx
(n, n + €). To simplify notation, let r = [8()]. Now (a, x) € Ol x 02 implies
"afa, - )(x) € V'. Since r>N + 1>k + 1, this implies ("ala, .))"(x) € V. This
implies

r08(("ala, « )V(x), 1) = 7" (("oda, « (%), 5(s)) € U".
Since ¥(a, x, t) = ¢"(("ala, -))(x), 8(t)), we will thus have Y(a, x, t) € U provided
[¢"("ala, « W), SN, = (x5 T("ala, + ) (D)), 8(e) - 1), € U,
Define & A x X* x I — X™ by
Eay %, 1) = (G(x g Ty("alay - V), 85 Hlxgs Tty + VG, 2)y o0 e

Then & = Y(nla, x), t), where ¢ is as defined in step (iv) in the proof of Theorem
II-2, so £ is continuous. Since &b, y, 1) € (XN x Uysy X Ungyx++0) N X for
every t € I, there are neighborhoods @{ COl of b in A and O; COz of y in
X* such that £(O] €Oy x 1) C(XN x Uyy; x Upyy x +++) N X, It follows that
O] x O, x [, n +€)) CU. Hence y is continuous at n and therefore on all of

A x X% %[0, ).

To see that y is continuous at ¢ = oo, simply note that y restricts to the
identity on A x X® x (k, «]. This completes the proof that y is continuous.

Note (see the proof of Theorem II-2(c)) that if ¢ is an invertible isotopy, and
if Y is constructed using ®(f, #) = ¢"(., O~ ofmod™(., ), a proof similar to
the one above establishes that y is continuous. The basic change is to redefine
r as was done in the proof of statement (c) in Theorem II-2,

Now assume further that ¢ is an invertible isotopy and that @ is an open
embedding., We are to show that ¥ is an open embedding. Again we identify [
with [0, o). Let W: P(X™) x [0, =] — P(X™) be the contraction constructed in
the proof of (c) in Theorem II-2. That is, we assume ¥ is constructed from ®,
where ®(f, 1) = ¢"(+, )~ ! of? 0 $™(., t). (The proof is easily altered if the
“‘original’’ ¥ constructed in the proof of Theorem II-2 is used.) We already know
¥, and hence ¥, is continuous. )

We show first that Im ¥ (the image of ¥) is open in A x X* x [0, ). Fix
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k> 1. By Lemmas III-7 and III-8 it is sufficient to show that (Im ¥) N (4 x X* x
[0, =)) is open in A x X® x [0, ). This will be true if we can show

(2) Um7)N (A x X* x (n, n+ 1]) is openin A x X* x (2, nx 1], n > 0;

(b) if >0 and (b, z, ) € (Im¥) N (A x X® x {n}), then In ¥ contains a
neighborhood of (b, z, #) in A x X* x [, n+ 1]; and

(c) Imy DA x X* x (k, ).

To prove (a), let Sn: [7, n+ 1] = [7n + 1, =] be the homeomorphism used to
parametrize ® restricted to [7 + 1, =] to obtain ®". Recall that 8,(n) = o and
8 (n+1)=n+1. To simplify notation, let n(t) =8 (t) for t € [n, n +1]. Then,
for t € 871([j, j + 1D,

7(“9 Xy t) = (aa ¢]( .y fl(t»-l("a(a, . ))I¢]( cy ﬂ(t)) (x), l)-

Note that ¢ an invertible isotopy and @ open imply that the following maps

are open:
(@, %, £) = (a, $( -, n(D) ), 2),
(@, x, 8) = (a, ("ala, + )V (x), 1)
= (a, p;'(id x A71(id x ola, -+ A Dp (=), 1),
and

(ay x5 1) = (a, ¢7(+ , 21, 0).

Thus, ¥ restricted to A x X x 87 1([j, j + 1]) is the composite of open maps,
and (a) follows.

To prove (b), let (b, z, n) = 7(b, y, n) € A x X* x {n}. Then z = ("a(b, ).
Since the map A x X* — A x X* given by

(@, %) = (a, ("ala, + ) (%)) = (@, A7}(id x ofa, « DA _(x))

is oper{, there are neighborhoods W, of b in A and W, of z in X* such that for
every a € W, ("ala, .))M(X*) OW,. Let ¢>0 be so small that 5 ([n, » + e)) C
(k + 1, ). Then, for every (a, t) € W, x (n, n +¢),

st x X% x 1) = $ON ., a1 (%aa, » NOlglntOl L) ()

5 [("ala, - NN x*)] ( x*,

By Lemma III-9 this last set equals [(®ala, - NX™)] N XE, Thus, (b, z, n) €
Wlxwzx[n, n+e) Clmy.

Finally, for (c), simply note that ¥ restricted to A x X* x (k, ] is the
identity. Thus, Im ¥ is open.
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We now show that ¥~ 1: Im ¥ — A x X x [0, =] is continuous. Since Im ¥
is open, it follows easily from Lemmas III-7 and III-8 that 7'1 will be continuous
provided it is continuous when restricted to (Im ¥) N (4 x X* x [0, ]), each
k>1. Foreach n>0, let J : [7, 2+ 1] = [n+1, ] and n(t) =8 () be as
before. Again let [t] denote the greatest integer not greater than t. For t €
(7, n + 1] we have

}’(aQ Xy t) = ‘p(a(ay . )9 t)(x)

= Ol ) o (Mata, WO o gl Ol () o)

Now, if / € EP(X™), then f" = p~'(id x /)p, and "f = A~1(id x /A are also in
EP(X*), and, on theit respective domains, (/")~!=(f=1)? and (")~1="(/"1).
Thus, for every (a, x, t) € 7(A x X* x [0, =)), 7~ Ua, %, t) = (a, {a, x, 1), ?)
where, for ¢t € (n, n + 1],

¢lay % 0= g ON L ) o Cleta, - )Y o gl L),
and 4(“0 X ”) = (n(a(ay . )- l))(x)-

Proceeding as with y, { is shown continuous on (dom {) N (A x X% x (n, n+1]),
for every n > 0. To prove that { is continuous at 7, again proceed as before
using the definition of 1 X* x [n, n + 1] — X* appropriate for our ¥ and
defining 7: dom 7 C A x X® — X* by 7(a, x) = ™ala, -)~)x), where for every
ac€aA,

(dom 7) N (a} x X*) = {a} x dom (*(ala, + )™1) N X* = {a} x (Im "ala, - )) N X~

Again 7 is continuous, and there are neighborhoods Ol of b in A and Oz of y
in X* such that n((dom ) N (Ol x @2)) CV'. Choose €<¢, as before, and let
(@ %) e©,x0,xlr,n+d) ndom =0, x0, xlnn+NNImy. To
proceed, we now need to know that

(a,x,2) € (Ol x 02 x [, 7+ €)) N dom ¢ = (a, x) € (dom ) N (Ol x Oz)'

To see this, observe that (g, x, t) € Im ¥ implies, provided t # n (the case t=n
is easier), that

%= gk L a7 o Cata, N0 gl N ) ),
some z € X*. Since n(t)>N +1>k+1, and x € X¥,

x = ("ala, « DOl 6 gl O L0 (2) € I (Cla, - NHOT 4 B

By Lemma III-9, we thus have x € Im("a(a, -)) N X%, Thus, (g, x) € (dom 7) N
(©, x0,) as required. Again, proceed as before, defining & (A x X x 1) N
dom & — X*° by
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Elay x, ) =+ , 07 gy T,(ala, Y G),0 BLes 07 e s T)("ala, )My, -0 0),

where (dom &) N ({a} x X* x {t}]) is {a}xdom (Mala, )N X% x {1} As before
we obtain neighborhoods @{ C®l of b and 02' C@z of y such that
E(dom &) N (O] x Oy x D) C (XN x Uy y; x Uy, x +++) N X™. As done for 7
above, one checks that (a, x, ¢) € (Im ¥) N (O{ x 02’ x [n, n + €)) implies
(a, x, t) € dom €. The proof of the continuity of {, and hence ¥~ 1" is then
completed following the proof given for y.

Now assume that ¢ is an invertible isotopy and that @ is a closed embedding.
We show first that Im ¥ is closed in A x X™ x [0, o). Fix k> 1. Again, by
Lemmas III-7 and III-8, it is sufficient to show that (Im ) N (4 x X* x [0, «])
is closed in A x X* x [0, ]. To show this it is sufficient to show

(d) Imy) N(A x X% x (2, n + 1)) is closedin A x X* x (5, n+ 1], n>0,

(e) for each n >0, if {(ai. Vi ti) = Y(ai, N ti)li eflisanetinImyn
(A x X* x [n, n + 1]) indexed by § and converging to (a, y, n) € A x X* x {n},
then (4, y, n) € Im ¥, and

() Im y DA x X* x (k, ).

The proof of (d) is analogous to the proof of (a) above, and we omit it. Con-
dition (f) is the same as (c), which has alteady been established.

To prove (e), fix n >0, and choose € >0 small enough so that 8n([n. n +¢l)
Ck+1, ) Let {(a,, y,, t,)=¥la, x,, t,)|i € 9} be anet in (Im ¥) N
(A x X* x [n, n + €]) indexed by $ and converging to (a, ¥, 7) € A x X® x {n}. It
suffices to show that (a, y, n) € Imny. Forie 4, let i; = [n(2))]. Note that
i;2k+ 1. Letting {; = ¢ x,, nlt)), and using that y, € X¥, we have

7= 81 n ) Calay - WL = oty WAL = Cotap NG

Thus, (a;, ("ala;, - N i ) —(a, y). But a a closed embedding implies that
the map (b, x) (b, ("a(b, ))(x)) is closed. Thus, (a, y) = (a, (*ala, -)N{)),
some { € X*, and (@, y, n) =y (a, {, n) € Im ¥ as required.

Thus, Im ¥ is closed in A x X x [0, o]. The proof that ¥~ !: Im ¥ — A4 x
X% x [0, ] is continuous is the same as the proof given for the case when @
was an open embedding.

Assume, finally, that @ is a homeomorphism. Then ¥ is onto since ¥
contracts HP(X*®) (see Theorem II-2). This completes the proof of Theorem II-3.

A remark on the countable product case. If X is any space we can formulate
analogues of Theorems II-2 and II-3 for the space X“, the countable product of
the space X. Here, of course, the hypothesis that X has the DLPP is not
needed. If ¢: X“x I — X“ is a homotopy between the identity and the map
(s % %30 %45 ++2) = (x,, %}, x5, %5 +++), then one can construct a



CONTRACTING SPACES OF MAPS . 407

contraction ¥: C(X*) x I — C(X®) such that if each ¢, is in O(X*), resp.
E(X®), CE(X®), H(X®), then ¥ simultaneously contracts O(X“), resp. E(X%),
CE(X®), H(X®). If also X = (X, x,) is pointed, and if b, € P(X“) for each t,
then ¥ also contracts P(X®). (Here X“ is regarded as a pointed space with
base point (xg, %, +++).) The proof of the above assertion amounts to observing
that the contraction constructed by Renz in [9], when extended to C(X®), satisfies
these conditions.

Turning to the analogue of Theorem II-3, let X, ¢, ¥ be as in the above
paragraph. Let A be any space, and a: A x X* — X% any map. Define

yiAxXOx1—X% aT:AxX’—> AxX% J:iAx X x I=AxXx1
by
‘y(d, Xy t) = lIl(a(a’ o) 1) (x)y a(a’ x) = (av a(a’ x))’ }'(a’ x’t) = (ay}'(a)xrt), 2.

Then y is continuous. The proof of this is again essentially in [9]. If ¢ is an
invertible isotopy, and if @ isa closed embedding, resp. homeomorphism, then
arguments similar to those in the proof of Theorem II-3 show that ¥ is a closed
embedding, resp. homeomorphism.

If o is an open embedding, however, ¥ need not be an open embedding (in
the product case). We illustrate by an example. Let X = R. It is known (for
instance, the proof of Lemma IV-1 is easily adopted) that there is an invertible
isotopy ¢:R” x I R” with ¢, = id and ¢, (x,, %), x,, x, =++) =
("2' Xys Xgp X gy oo ). In the analogue of Theorem II-3 above, let A be a point,
identify A x R® with R®, and let a: R® = R® be an open embedding that takes
the first factor of R onto (-1, 1), so that a(R“) =(-=1, 1) x RxR x «+-. Let
¥: C(R®) x [0, ] = C(R®) be the contraction analogous to the one constructed
in the proof of Theorem II-3, and let ¥: R® x I — R x I be defined by y(x, t) =
(¥(a, tXx), t). Then ¥ is not open: If ¥ were open, then, since (0, o) =
7(0, ) € Im y, we would have a neighborhood U = U, x +++ x Uy x I, v R and
an integer k such that (U x (k, =]) CIm y. But then for every » >k (notation as
in the proof of Theorem II-3), ¥(R? x {n}) = ("aXR®) x {#n} DU x {n}. This is

impossible since ("a)R“) =IO} Rx (-1, )xM, ,, R

IV. The topological vector space case (Theorem lI-4). If F is a TVS, we
regard F™ = inj lim F” as a TVS with coordinate-wise addition and scalar multi-
plication.

Lemma IV-1. Let F be a TVS. Then there is an invertible isotopy Y: F* x
I = F% such that = id, ¥ (x, x50 x5 %45 +2) = (xp x|, %5, x5 +++), and
Y, e LF™), tel
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Proof of IV-1. For n > 1 define g" F® x [0, 1] = F® by
,...)

g, )= (xppeeenx, A =tx +ox (1= t)xn+ -tx ,x

1 n+2’ *n43

where x = (xl, Xpo Xgy e D

It follows easily from Lemma III-5 that g” is an invertible isotopy. Let
h'=g!, and for n > 2 let b™ F® x I — F* be the invertible isotopy »™(x, t) =
(g:‘ °g;‘)(x). Note that bé(x) =X, b{(x) = ("2' =Xy Xy Ky e R and,ofor n>2,
bg(x) =x and h'l’(x) = (xl, TTE ST T SRS SN «..). Let b” = id, and
define y: F® x [0, o] — F* by
P bl oeero bg(x), t-n)y, teln,n+l1l,
Ylx, t) =
3,x4,--~), t € oo,
Again, by Lemma III-5, it is easy to check that ¢ is an invertible isotopy. Clearly
Y, € LFY), te [0, «].

Xy X1y X

Lemma IV-2. Let F be a TVS. Define A: C(F) x I — C(F) by A{, t)(x) =
f(x) = tf(0). Then XA is continuous.

Proof of IV-2. Let A(f, o) € C(K, U), where K is a compact subset of F
and U is an open subset of F. Then, for each % € K, f(&) - tof(O) € U. Define
0: FxFx1—F by olx, y, t) =x — ty. Then 0 is continuous, and, for each
k € K, o(f(k), [(0), t,) € U. Since K is compact there are neighborhoods O,v,w
of f(K), f(0), t,, respectively, such that o(O x V x W) CU. Then

(/’ tO) € [C(K: G) a] C({O}s V)] X wv
and

Mc(k, O) acliol, V)Ix W) c c(k, U).

Proof of Theorem II-4. By Corollary II-3 F has the DLPP and there is a
homeomorphism B: F — F*. We may assume B(0) = (0, 0, ...). By Lemma IV-1
and Theorem II-2 there is a contraction ¥: P(F®) x I — P(F®) of P(F*) to the
identity map on F* such that ¥(g of, t) = ¥(g, #) o ¥({, ¢) and such that ¥
simultaneously contracts OP(F®), EP(F®), CEP(F®) and HP(F™). Let
B* C(F) — C(F™) be the homeomorphism B*(f) = B of ©B~!. Define
A: C(F) x 1 = C(F) by A/, t) = f - ¢t{(0). By Lemma IV-2, A is continuous.

Define A: C(F) x I = C(F) by
A(/’ 2:)’ 0, Y ?
NS relo,
(B o¥(B WY, 1), 2t-1), trely, 1l

Then A is the desited contraction. If X is a TVS, then Theorem II-2 applies to

F = X* immediately, and the homeomorphisms B* and (8*)~! may be omitted.
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The last statement of Theorem II-4 then follows by checking, in the proof of
Theoerm II-2, that W(L(X*) x I) C L(X*).

Now let a: A x F — F be given, where A x F isa k-space, and let
U: Ax Fx1—AxF xI be defined by Wa, x, o) = (a, ANala, -), D)), ). Then,
on A x F x [0, %],

Ql(d, Xy t) = (d, a(a, x) - Zta(a, 0), t)’

and this is clearly continuous. Define a’: Ax F — F by a'(a, x) = Maa, . ), 1)(x)
= ala, x) - ala, 0). Define a": A x F* — F*® by a'(4, y) = Bla'(a, B~)). Then
both o’ and a” are continuous, and a‘(a, (0, 0, ...)) = (0, 0, ...) € F* for each
@ € A. By Theorem II-3 the map y: A x F™ x [4, 11 = F® given by yla, x, t) =
¥(a"(a, -), 2t - 1)(x) is continuous. Thus, the map A x F x [%4, 1] — F given by
(a,.x, t) = B~ a, B(x), 1) is also continuous. But B~ Yyla, Bx), t)) =
Aadla, ), )(x), t € [%, 1], and it follows that ¥ is continuous.

Now suppose also that @ is an open embedding, resp. closed embedding,
homeomorphism. Then @": A x F* — A x F® defined by @"(a, y) = (a, a"(a, y))
is an open embedding, resp. closed embedding, homeomorphism. Hence, by
Theorem II-3, y: A x F® x [!4,1] — A x F® x [4, 1] defined by y(a, x, 1) =
(a, Ya, x, 1), 1) is an open embedding, resp. closed embedding, homeomorphism.
It follows that ¥ restricted to A x F x [}4, 1] is an open embedding, resp. closed

embedding, homeomorphism. It is routine to check this for ¥ restricted to
A xF x [0, %].

V. Proof of Theorem II-6. Throughout this section B denotes a separable,
infinite-dimensional Banach space.

Lemma V-1. There is a continuous linear injection A: B¥(b*) — 1, where
l, is a separable Hilbert space.

Remark. In [7], Richard Graff establishes the stronger result (his Lemma
2.33) that there is a continuous dense linear injection A: B*(6*) — l,. The
lemma was first suggested to the author, however, by David Elworthy, and the
proof we give here is in large part due to him.

Proof of V-1. Let L =lx}lx;eR, i=1,2..., 3|x;| <o } with norm
Il = Z|x,|. Let B: I, = 1, be defined by {x,} —’{xi[(Zi)i. Then B is an
injective, compact linear operator with dense range, By a theorem of Banach
and Mazur [2], there is a continuous linear surjection a: I, — B. Then
aof: 1, — B is a compact, linear operator with dense range.

Identify I’; with [, in the canonical way, and note that this identification
identifies the weak-* topology of l; with the weak topology of /,. Let
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A=(aop)* B*— l,. Then A is a compact [6, Theorem 2, p. 485], injective
linear operator. Let B*(w*) denote B* with its weak-* topology. For each
positive integer n, let B: = {x* € B¥||x*|| <n}, and let B: (w*) denote B: with
the topology induced from B*(w*). Since B*(b*) = inj lim B:(w*), it is enough
to show that A: B:(w*) —'12 is continuous. By Lemma 3, p. 478 in [6] A: B*(w*)
—1,(w) is continuous, where [,(w) is I, with its weak topology. Let A =
/\(B: W) 1 ,» and let A(w) denote A with its induced weak topology. We then
have that A: B:(w*) — A(w) is continuous. Thus, we are done provided id: 4 —
A(w) is a homeomorphism (the first A having the norm topology). This will be
true if A is compact. To see this, recall that B:(w*) is compact by Alaoglu’s
theorem [6, p. 424]. Thus, A(w) is also compact. But then, the norm closure of
A, which is contained in the weak closure of A, must be A, so that A is closed
in 1,. Since A is a compact operator, A is then also compact.

Following R. D. Anderson in [1] we make the following definition.

Definition. A closed subset K of a space X has Property Z in X (or is a
Z-set in X) if for each homotopically trivial nonempty open set U in X, U\K is
nonempty and homotopically trivial.

Theorem (Anderson [1]), Every bomeomorphism between two Z-sets of Q can
be extended to a homeomorphism of Q itself.

We take the following definitions and theorem from C. Bessaga and A.
PeYczydski in [3].
Definition. Given a convex subset W of a Fréchet space, then

rint W={w e W| if x €W, then w + lw - x) € W for some €> 0}.

It follows that if 0 € rint W, then rint W = fcw|w € W and 0< c <1},
Definition. Q ,, = {lx,} € Qlx; =0 for even i}.

Theorem (Bessaga and Pefczydski [3]). Let K be an infinite-dimensional,
compact convex subset of a Fréchet space such that 0 € rint K. Then for every
a € (0, 1) the set aK is a Z-set in K, and the pair (K, aK) is homeomorphic to
to the pair (Q, Q_,,)-

Proof of Theorem 1I-6. For each positive integer 7, let B:(b*) denote B: =
{x* € B*|||x*|| < n} with its induced b* topology. Note that restricted to B: the
b* topology agrees with the weak-* topology. By Lemma V-1 there is a continuous
linear injection A: B*(*) — 1,. Fix n. By Alaoglu’s theorem [6, p. 424},
*(b*) is compact, so A resmcted to B (b ) is a homeomorphism. Thus, the pair
(B*,,l(b*), *(b*)) is homeomorphic to the pair ()\(B*ﬂ(b*)), A(B*(b*))) The latter
pair is in turn, by the theorem of Bessaga and Pelczydski above, homeomorphlc
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to (0, O odd) Since Q ,; has Property Z in Q (this follows, for example, from
Theorem 9.1 of [1]) it follows that each B (b ) is homeomorphic to Q and
has Property Z in B “(b*)

We now inductively define homeomorphisms 5_: B*(b*) — Q7 such that

n"’l

h,4, extends b ,b regarded as a homeomorphxsm onto 0" x {0} CQ In this

way we obtain a homeomorphism of direct limits:
b: B*(6") = inj lim B.(>*) — Q™ = inj lim Q™

Let b, be any homeomorphism of B (b ) onto Q. Let a homeomorphism

b,: B*(b*) — Q" be given. Since B (%) is a Z-set in B}, (6*) and Q" is a

Z-set in Q7 1 (e.g. by Theorem 9.1 of [1]) the theorem of Anderson given above

says there is a homeomorphism b_,: n*l(b*) — gt extending b, as required.
Finally, the second statement of Theorem II-6 follows from the observanon

that the natural isomorphism l -1 , identifies the bounded weak topology on

1, with the b* topology on l
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